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We characterize forcibly k-variegated degree sequences for k % 3. 
We say that a graph G is k-~~~gu~~ if its vertex set can be partitioned into k 
equal parts such that each vertex is adjacent to exactly one vertex from every 
other part not containing it. A graphic degree sequence is potentially k+wieguted 
if at least one of its realizations is k-v~egated and a graphic degree sequence is 
forcibly k-uuriegated if all its realixations are k-variegated. Characterization oii 
forcibly Z&variegated degree sequences i obtained in [2]. Here we characterize 
forcibly k-variegated egree sequences for k 2 3. 
Unless specified otherwise, terminology used is as in [l]. 
Churacterization of forcibly k-variegated degree aquences 
First we note some properties of a k-va~egated graph. 
(I) If ?z is a potentially k-variegated egree sequence of order kn and if G is a 
k_variegaM realization of s such that V(G) = X, U l 9 8 U X, is a k-variegation 
of G, then we can get another realization of the w which is k-variegated with 
same k-variegation X1 L’ l L l UX, and in which the subgraph induced by the 
edges joining vertices from distinct sets Xi (called special edges) is a union of 
Kk ‘s. 
Proof. Let or be a potentially k-variegated degree sequence and G be its 
kgv~egated realization with V(G) = X, U l 0 l LJ X,. Let Xi = {vii, . . . , Ur}, 1 s 
j G k. For n = 1, the result is obvious. Hence assume that it 2 2. Without loss of 
generality let Vi Ug, . . . , Ui U: be the special edges through Vi. Now if Uf Ui is 
not a special edge of G where if: j, i, j G k, then 3 p, m, 2~ p, m s n such that 
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V! Ur and UTLJ; are special edges of G. Obviously VpUr & E(G) and hence by 
deieting Vi VP, Uy U,! and joining Up Ui, UT Ur we get a k-variegated realiza- 
tion of 71 which has the same k-variegation XX U l l l U &. Proceeding similarly 
we can get a realization of 7r in which the subgraph induced by the special edges is 
a union & ‘s. 
(II) In a k-variegated graph no two vertices of degree k - 1 can be adjacent o 
the same k - 1 vertices. 
(III) If a k-variegated graph has K, - e as a subgraph where t 3 k + 1 and Kt - e 
denotes the complete graph with the edge removed &en all the vertices of this 
subgraph belong to the same set in a k-variegation of G. 
(IV) In a k-va riegated graph no two adjacent vertices of degree k can be 
adjacent to the same k - 1 vertices. 
Results (II), (1X1), (IV) can be easily checked. Next we define switches. Let G be 
a graph such that X, y, z, w E V(G) and xy, zw E E(G) but xz, ywti E(G). Then we 
term the process of deleting the edges xy, zw and adding edges XZ, yw as a 
$wjt~~j#g. 
‘RUM- 1. If n > 2 and k 3 3, then no degree sequence of order kn is forcibly 
k - ~a~ega~e~. 
PM&. Suppose the degree sequence 7r = (d, l l . dkn) is forcibly k-variegated for 
n 3 2 and k 2 3. We prove the theorem in three steps. 
Step 2. First WC prove that no two vertices of degree k - I can be adjacent in 
any realization of 7r. Suppose G is a realization of n in which 3 two adjacent 
vertices say x1, x2 of degree k - 1 each. Let x3, - l . , x, be the other vertices 
adjacent o x1 in G. Then in any k~variegation of G xl, x2, . . . T %k go into distinct 
sets. Now by switching we can obtain a realization G’ of n in which 
(x,, x2, - l - T &)G’ = &- &nCe without loss of generality we can assume that 
(x,, x2, l * * 9 Xk)G = &. Let V(G)= I&U l ” l U Yk be a k-variegation of G such 
that xicYi, i=l,,.., k. Since n>2, kM3yi, Z+ yi, i= 1, 2 and ykE Yk where 
xl, x2, y,, y,, zl, t2, yk are all distinct, such that y,y,, z$~, ylyk E:E(G). Again 
due to the availability of switches we can assume, without loss of generality that 
y2y& E E(G)= Now &fete X1X2, yry2, ylykt zlf2 and join xlyl, .x2y1, z1y2, z2yk* We 
get a new realization of = in which two vertices x1, x2 of degree k - 1, are 
adjacent o the vertices {x,, . . . , xk9 yJ, a contradiction to (II). 
Hence. if x%%~E E(G), then both of x1, x2 cannot be of degree k - 1. 
Step 2. Next we prove that no forcibly k-variegated egree sequence can have 
a term k - I in it. 
~~~~ose ;ri is a forcibly k-variegated egree sequence having a vertex x1 of 
rfegr 2 k - 1 in a realization G. Let V(G) = U t Yi be a k-variegation of G. Let 
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x29 . . . , xk be the vertices adjacent o x1 in G. Assume that xi E Yi, i = 1, . . . , k. 
AS before we can assume that (x,, , . . , x& = Kke By Step 1, deg xi 3 k, i = 
2 , . . . , k. Clearly, if z E V(G) such that zxi E E(G) for some i9 2 e i < k, then 
z f Yi* Hence let yi E Yi be such that xiyi E E(G), i = 2, . . . , k. Also let yl E Yl, 
yl P xl. Then due to switching without loss of generality we can assume that 
(Y 1, ’ l l 9 yk)G = Kkm As n > 2, 32, it x1, y,, z1 E Y1 and z2c Y2 such that z1z2~ 
E(G), NOW delete x3y3, yly2? zlz2 and add ~3~2, z1y3, ylz2. This gives a 
realization say G’ of 7~. If G’ is k-variegated, then in any k-variegation of G’, 
Xl, .a., xk go into distinct sets and (x1, . . . , xk)& = &- Now y2 must belong to the 
set containing x2 and also to the set containing x3, a contradiction. Hence Step 2 
is proved. 
Step3. No ?r=(dl,..., dkn), n > 2 and k 3 3, is forcibly k-variegated. 
Let if possible ‘3 a forcibly k-variegated egree sequence w, n > 2, k 3 3. Let G 
be a realization of rr, with a k-vzriego\iio~ IJ : Yi* Let x1 E Yl. Then deg x1 a k by 
Step 2. Let x2,. . . , xd be the vertices adjacent to xl in G. Without loss of 
generality assume that xi E Yi, i = 2,. . . , k. Then xk+l, . . . , xd E YI. As before 
assume that (x,, . . . , xk}G = &. Let yi E Yi be such that xiyi E E(G), i = 2,. . . , k. 
Again without loss of generality assume that (xk+l, yZ, . . . , y& = &. As n > 2, 
321 E Yi, i = 1,. . . , k such that (z,, . . . , zk)G = & Note that z1 f x1, xic+l and Z] 
may be one of {xk+2,. . , &}* NOW delete ZlZi, xiyi, xk+lyi+f. and add xk+]xi, Zjyi, 
ziyi+l for i=2,..., k - 1. We get a new realization G’ of 7r in which 
(x 1, l l l 9 Xk+l )= Kk+l and so G’ has &+1- e as a subgraph on the vertices 
x19 l *,Xk+l* Hence by (III), in any k-variegation of G’, x1, . . . , x~,.~ go into the 
same set. Now if d - k < k - 1 then we already have Z$ contradiction. Since there 
are not enough vertices adjacent o x1 to go into other k - 1 sets, one in each, in a 
k-variegation. If d - k 3 k - 1, we repeat the abc ve switching process. Note that 
the process does not change the adjacencies among x1,. . , , xk+l. We get a new 
realization G’ * cJf 7r and vertices ay, a2, . . . , ak+l all different from xl, . . l , &+I 
but all adjacent o x1, such that in any k-variegation of G”, x2, . . . , xk + 1 as well 
as a 2!, . . . 9 ak+l have to go in the same set as x 1. If now d-2k<k-1 then we 
are through, otherwise we repeat the above process to get a contradiction. 
We have thus established that no 7~ with n > 2 and k 3 3 is forcibly k- 
variegated. 
Before proving the remaining theorems we make the following observations. 
Observation I. By (I) it follows that the only possible forcibly k-variegated 
degree sequences for n = 2 are (k, . , . , k, k, k - 1, . . . , k - I) where k is repeated 
2i times, 0 s i < k and k - 1 is repeated 2k - 2i times. 
Observation2. For n=l,(k-l,..., k - 1) where k - 1 is repeated k times is the 
unique forcibly k-variegated degree sequence. 
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Fig* 1 
Tlireoreaur 2 RN k = 3, n = 2 the fo~Zowing are the only forcibZy 3-variegated degree 
i%XpMWS* 
(2,2,2,2,2,2)$ 
(3,3,3,3,3,3). 
By aviation 1 it hollows that the only possible forcibly 3gvariegated 
sequen= are C&%2,2,2,2), (3,3,& 2,Z 3, (3,3,3,3,2,2), CA%% 
3,3,3). But the graphs in Fig. 1 give examples of non-3-variegated graphs which 
realize (3,3,2,2,2,2) and (3,3,3,3,2,2) respectively. Also both of (2,2,2,2, 
2,2) and (3,3,3,3,3,3) have two realizations each, each one being 3-variegated. 
‘Khmmm 3. FOY k =4, n = 2, no degree sequence of order 8 is forcibly 4- 
~a~g~~~~ 
proof, It follows from Observation 1 that the only possible forcibly 4-variegated 
degree sequences are as follows. 
(I 1 (3,3,3,3,3,3,3,3), (4) (49 4,4,4,4,4,3,3), 
(2) (4,4,3,39 39 3939 3), (5) (4,4,4,4,4,4,4,4). 
(3) (4949 4,4,3,3,3,3), 
Now consider the graph G1 in Fig. 2. G1 realizes (l), but it is not 4-variegated 
as it has two vertices of degree three, which are adjacent to the same three 
vertices, a ~ntradi~ion to (II). Also Gz = Gz + cg, G3 = G2+ fe, G4 = G3 + ~~~ 
realize (2), (3), (4) respectively and none of them is 4-variegated by (11). 
G5 = Gd+ ab realizes (S), but is not 4-watiegated by (IV). 
Q b 
C a 
Gg: 
f h 
Fig. 2. 
k-variegated degree sequences 
Theorem 4. For n = 2, k >4, no degree sequences 
uariegated. 
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of order 2k is forcibly k- 
proof, From observation 1 it follows that, if w is a forcibly k-variegated sequence: 
for n=2, then v=(k,k ,..., k, k, k-l ,..., k - 1) where k is repeated 2i times 
and k - 1 is repeated 2k - 2i times for some i, 0 s i s k. 
We first show that if rr# (k, . . . , k) where k is repeated 2 k times; n# (k - 
1 ,...,k-l)wherek-lisrepeated2ktimesor~#(k,k,k-l,...,k-l)where 
k - 1 is repeated 2k - 2 times, then ?T is not forcibly k-variegatd Clearly if w is 
not one of the above three degree sequences then 3 at least tcur terms equal to k 
and two terms equal to k - 1 in m. Since n = 2, from (I) we can assume without 
loss of generality that G is a realization of 7r with 
as a k-variegationof G, (x,, . . . , & = (yl, . . . , y,), = I& and further .“clyl 6 E(G), 
3~2~2, x3y3~ E(G). Delete edges yly4, ~2x3 and add edges x3y4, x2y1. We get 
a realization G’ of rr which we show to be not k-varie;:ated. We have 
deg, x1 = deg,l x1 = k - 1 = degG y, = deg,, yl. 
Since x2, . . . , xk are adjacent o x1 in G’, in any k-variegation of G’; x1,. . , , xk 
must go to distinct sets. NOW ~2x3 ti E(G) and hence one of yl and y, belongs to 
the same set to which x3 belongs. Also the remaining vertex belongs to the same 
set to which x2 belongs. But neither x2 nor yl nor y2 is adjacent to x3, a 
contradiction. Hence we are through. 
Nextlet r=(k, k, k-l ,.,., k - 1) where k - 1 is repeated 2k - 2 times. Again 
let G be a realization of 7r with V(G) = {x,, . . . , &, y,, . . . , yk}, V(G) = {x1, 
YlW l ’ ’ u{&, Yk} as a k-variegation of G, (xl,. . . , x& =(y19.. . , y& = & 
and further x1 y, E E(G) but Xiyig E(G) for 2 c i s k. Delete yly4, ~2x3 and add 
ylx2, x3y4. Thus we get a realization G1 of 71 in which deg, q = deg,l Xi, 
dego yi = deg,l yi, 1 s i S k. As deg,l X, = k - 1 and x1, x4,. . . , xk, y1 are the 
vertices adjacent o xZ in G’, in any k-variegation of G’, x2, x1, x4,. . . , xk, y1 go 
into differcsnt sets. Also as deg,l x3 = k -‘= 1; x1, x3, x4, . . . , xk9 y, go into different 
sets. Thus x3 belongs to the set which contains eithes x2 or y,. But then whichever 
of the two sets x3 belongs to, x1 is adjacent to both the vertices of that set, a 
contradiction. Thus 7c = (k, k, k - I, . . . , k - 1) .where k - 1 is repeated 2k - 2 
times, is not forcibly k-variegated. 
Now let m=(k-I,..., k - 1) where k - 1 is repeated 2k times. As before, let 
G be a realization of n= With V(G) = {xl, . . . , xk, yl, . . . , yk}, V(G) = {xl, 
YlW ' ' ' u {xk9 yk} as a k-variegation of G, (xl,. . . , x& =(y19.. . , y& = & 
and Xiyi& E(G), 1 s i s k. NOW delete x1x2, x3x4, y1y2, yly, and join ~2~1~ ~2x3, 
x4y5, xlyl. Let G’ be the new realization of n= In G’, two vertices x1, x2 each of 
degree k - 1, are adjacent o {x3, x4, e . . , xk9 yl}, a contradiction to (II). 
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Lastly let n = (k, . . ” , k) where k is repeated 2k times. Let G be a realization 
of w with V(G) = {x1, . . . , & yr, . . . , yk), V(G) = {x1, yI} u ’ . ’ u {xk, yk} as a 
k-variegation Of G, (Xl,. . . , &)G =(yl,. . . , yk), = & and Xiyi E E(G), 1 s i s k. 
Then delete x1 y,, ~2x3, y,ys and join ylx2, x3y4, y5xl. Thus we get a new 
realization say G’ of ‘TI-, which preserves the degrees of the vertices. Now the 
vertices yl, y,, each of degree k in G’, are adjacent to each other and also 
adjacent to {x2, y,, . . . , yk}. Hence bly (IV), G’ is not k-variegated. 
This proves the Theorem completely. 
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